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Abstract. Correlation functions of the XXZ model in the massive and massless 
regimes are known to satisfy a system of linear equations. The main relations 
among them are the difference equations obtained from the qKZ equation by 
- - ■ specializing the variables (Ai, • ■ • , A2n) as (Ai, • • ■ , A„, A„ + 1, • ■ • , Ai + 1). We 

I call it the reduced qKZ equation. In this article we construct a special family of 

■ solutions to this system. They can be written as linear combinations of products 
i of two transcendental functions w, w with coefficients being rational functions. We 

; I ■ show that correlation functions of the XXZ model in the massive regime are given 

Oh| by these formulas with an appropriate choice ofu, io. We also present a conjectural 

■ formula in the massless regime. 

(N 

^ \ 1. Introduction 



Q> \ Correlation functions of integrable spin chains in one dimension have been a sub- 

ject of intensive study. In the most typical case of the XXX and the XXZ models, 
they are given in the form 



(N 



O. (1-1) 5'2n(Ai, ■ ■ ■ , A„, A„ + 1, ■ ■ ■ , Ai + 1), 



Oh 



where (72n(Ai, ■ ■ ■ , X^n) is a certain solution of the quantum Knizhnik-Zamolodchikov 
(qKZ) equation of 'level —4' The specialized function satisfies a similar 
O"! system of difference equations, which we refer to as the reduced qKZ equation. 



J3 



' Multi-dimensional integral representations for the correlation functions have been 

known for some time [nj |H1 El- It has been recognized through the recent works 
^ . 12 US 1121 Uni that, at least for small n, these multiple integrals can be reduced 

to one- dimensional integrals, thus making it possible to evaluate them explicitly. 
The reason for this mysterious reducibility was subsequently explained via a duality 
between the qKZ equation of level and level — 4 IH E]. In these works, the 
following general Ansatz was proposed. Consider an inhomogeneous XXX model 
where each site j carries an independent spectral parameter A^. Then the ground 
state average of products of elementary operators {E^^^i.)j can be written in the 
form 

(1.2) (vac|(E,,,,Ji---(i?,„,,J„|vac) 

[n/2] m 

= E E n ^''''''iK - K) fnjA^u ■ ■ ■ , A.), 

m=0 I,J p=l 
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where uj^^^{X) is a certain transcendental function, /„,/,j(Ai, ■ ■ ■ , A„) are ratio- 
nal functions, and the sum is taken over / = ,im),J = (ji,'"" yjm) ^ 
{1, . . . , n}"^, such that ii, . . . , im,ji, ■ ■ ■ ,jm are distinct, ip < jp {I < p < m) and 
ii < ■ ■ ■ < im- However the rational functions fn,i,j were not described. In it 
was explained that a similar formula continues to hold for the correlation functions 
of quantum group reduction of the XXZ model. 

In the present paper we consider the genuine XXZ model (without quantum 
group reduction). Let A = cosvrz/ be the coupling constant of the XXZ chain 
(see ()13.1|) ). and set q = e^^'^ . We arrange the correlation functions into a function 
^n'""'' with values in l^®2n^ where V = Cv+ © Cv^. Set s = v+ ^ v_ - ® v+, 
Sn = Y[p=i ^p,2n-p+i £ K®^" (as usual, the lower indices indicate the tensor compo- 
nents, see Section 121). 

We adopt the following approach. It has been said that the correlation functions 
solve the reduced qKZ equation. We start with this equation and find some class of 
solutions. An arbitrary solution from this class will be denoted by hn{Xi, ■ ■ ■ , A„). 
The building block of the formula for hn is a family of operators 

n^:^'\\i, ■■■,Xn)e End(\/®2n) l<^<:J<n, 
which are mutually commutative for fixed Ai, ■ ■ ■ , A„ and satisfy the equation: 

(1.3) n^)(Ai, • • • , Xn0n'^'\Xi, ■ ■ ■ , A„) = if n {k, 1} ^ 0. 
The solution hn G V®'^"' has the following form: 

(1.4) /i„(Ai,---,A„) = 2-"e^-(^i'-'^")s„, 
where 

fin(Ai,---,A„) = 5^f2(;'-')(Ai,---,A„). 

i<j 

The expansion for the exponential in (jl.4|) terminates due to (II. 3p . 

The operators fin'"''' as functions of the parameters Ai, ■ ■ ■ , A„ are of very special 
form: 

(1.5) _ 

h^:''\Xu ■ ■ ■ , A„) = u{X, - X,)Wi''^\Cu ■ ■ ■ , Cn) + ^(A. - X,)Wi''^\C,, ■ ■ ■ , c„), 

where Wn'''\ Wn'-'^ depend rationally on = e^^"^'' (/c = 1, ■ ■ ■ , ra), and uj{X),uj{X) 
are scalar functions satisfying a system of difference equations. Since the series 
terminates, the functions a), uj in the formula for hn appear with total degree not 
higher than [|] . 

Finally, the rational functions Wn'''\Wn'''^ are defined through the trace of a 
certain monodromy matrix (see ()3.2|) . ()3.3p . ()3.4p . ()3.6|) . p2.2|) ). Here by 'trace' we 
mean the unique linear map 

TrA,c : U.ish) ® C[C, C"'] ^ AC[C, C"'] © C[C, C^'], 

which reduces to the usual trace on the (A;+l)-dimensional irreducible representation 
when A = -|- 1 G Z>o and ( = q^^^. The structure of Tr^^^ conforms to the 
appearance of two transcendental functions, which is the main new feature in the 
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XXZ case. In the body of the text, we use only the difference equation ()2.12j) and 
the parity condition (j2.15|) for uj{X),uj{X) and prove that the above formula for /i„ 
satisfies the reduced qKZ equation and other relations. 

Then we return to correlation functions. It has been mentioned that we describe 
a class of solutions to the reduced qKZ equation. Indeed, solutions to difference 
equations for u{\),u{\) are not unique. Different choices of oj{\),u{\) correspond 
to different solutions hn- We have to choose the one which describes the correlation 
functions. The explicit form of uj{X),uj{X) are determined from the case n = 2 in 
each regime (see ()13.2j) - p3.5p ). Actually, for this particular solution which we call 
j^Ansatz -j-j^g fuuctious a}(A), uj{X) are 'minimal': they are bounded at infinity having 
the minimal possible number of poles in a certain strip. 

It remains to show that our solution describes the correlation functions: 

7 Ansatz iCorr 

— 

In the present paper we prove that this is indeed the case in the massive regime. 
Although we were not able to prove this fact in the massless regime, we have no 
doubt that we found the correct solution for the following reasons. First, h^^^"'*^ 
coincides with h^"^"^ which was calculated by other means (starting with original 
multi-dimensional integral formulae [S]) for n = 2,3. Second, /i^"*"^*^ reproduces the 
correct result in the XXX limit. 

Concerning the XXX model it should be said that a formula similar to (jl.4|) can 
be obtained by taking the limit from the XXZ case. The operator iln'"''* simplifies 
as follows: 

^^^(Ai, ■ ■ ■ , A„) = ^^^^(A. - A,)iy(^'^) ^^^(Ai, ■ ■ ■ , A„) 

where lyi^'^'^ ''"'''(Ai, ■ ■ ■ , A„) is a rational function of Ai, ■ ■ ■ , A„ (see fll3.12p ). Thus 
the formula ()1.4|) gives a new representation even for the XXX model. 

We come to the final formula ()1.4j) in several steps. First, we present it using op- 
erators n^n-li^i^ ■ ■ ■ ) -^n) which beloug to IIom(V^®^(""^), V^'^"-). This presentation 
is quite useful for calculations with small n. We prove that hn in this form satisfies 
the reduced qKZ equation as well as some other relations. We then show that the 
result can be rewritten in the compact form (|1.4j) . 

The plan of the text follows the logic explained above. In Section |21 we for- 
mulate the reduced qKZ equation and related properties satisfied by the corre- 
lation functions. In Section 01 we introduce operators nX^^^l which belong to 
Hom(V^®2(n-2)^ y^2n^ ^ _ A,)C[C^\ . . . , Cn '] © '^[Ci\ • • • , Cn ']) and usc them 

to construct n^t-l- ■'■^ Sections El and El we describe the main properties of nX^^fg; 
from which the reduced qKZ equation and other properties for hn can be deduced. 
Sections IBHTTl are devoted to the proof of the statements given in Section El In 
Section 1121 we prove the compact formula ()1.4p for the hn- In Section [121 we discuss 
the connection between the formula given in Section El and the correlation functions. 
Theorem 13. H Theorem 112.41 and Theorem 113.41 are the main results of this paper. 
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2. Reduced qKZ equation 

Throughout the paper we fix a complex number z/ ^ Q. 
Let V = he a two-dimensional vector space with basis 
standard trigonometric R matrix 

r(A) 



We use the 



(2.1) 

(2.2) 
where 



m 

r{X)- 



G End{V^V), 
\ 



[A] 
1 



1 

[A] 



[A + l]J 



[A] := 



sinvrz/A 



smiru 

In (12. 2j) . the entries are arranged according to the order v^,v^ 
f+,f_ (S>f-. The factor p(A) is a meromorphic function subject to the relations 

[A] 



P(A)P(-A) 



p(A)p(A - 1) 



[1-A]- 

Its explicit form is irrelevant here (see ()13.4|1 ). We set also 

R{X) = PR{X), 

where P G End(V" (8> V") stands for the permutation P{u ® v) = v ^ u. 

For an element x G End{V), we set Xj = id'^^^^'^^ (g)x&d'^^^'^^ G End{V^^). Simi- 



larly, ify = Y.Ju^®- ■ -ml'' e EndiV^'^), we let y,,,..,,, = (l/^'On ' " " {y^^, ^ 
End{V'^^). An element a of the symmetric group Sn acts on V^'^ as (f i ® • • ■ C?) 
VnY = fa-i(i) ® ■ ■ ■ ® v^-^N). If M G V®^, V G V®^ and 

1 •■■ k k + 1 ■■■k + V 
Ji ■■■ k ji ■■■ji 

we write {u f)'^ as Wj^,... j^,... j,. Often we fix n and consider the tensor power 
y^2n^ When there is no fear of confusion we will write j = 2n — j + 1. 

Consider the following system of equations for a sequence {/i„}^q of unknown 
functions /i„(Ai, ■ ■ ■ , A„) G l^®^" with ho = 1: 

(2.3) hn{- ■ ■ , Xj+i, Xj, ■ ■ ■ ) 

= Rj,j+i{Xjj+i)Rj^j{Xj+ij)hn{- ■ ■ , Xj, Aj+i, • ■ ■ ) (1 < J < n - 1), 

(2.4) /i„(Ai - 1, As, • ■ ■ , A„) = A«(Ai, ■ ■ ■ , A„)/in(Ai, A2, ■ ■ ■ , A„), 

(2.5) T-j^ J ■ hn{Xi, ■ ■ ■ , A„) = ^n~l{^2, ■ ■ ■ ; A„)2,... ^n^fi^... ,2- 



Here A 
(2.6) 



A, 



Aj, y 



s := f + ® w_ — w_ ® w+ G V ® V, 
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and 

(2.7) 4i)(Ai,--- ,A„) 

= ( — l)"'-Rl,2(-^l,2 — 1) ■ ■ ■ -Rl,n(Ai,„ — l)Pi_i-Ri^„(Ai^„) ■ ■ ■ -Rl,2(Al,2) 
n ^ 

Xn,2(Al,2 - 1) • ■ ■ ri^n{\n " l)^l,l'"l,n(Al,„) " " " ri,2(Ai,2) • 

Define an operator ^-i^n e Hom(r®2n^ ym(n-i)^ ^yy 

(2.8) T^jU = Sij(„_in„M)2,...,n,fi,...,2- 

Then fj2.5|) can be written as 

n-l^n ■ hn{Xi, ■ ■ ■ , A„) = -hn-l{X2, " " " , A^). 

Tliese equations arise as ones satisfied by the correlation functions of the XXZ 
model [T^. We review this connection in Section [121 Eqs. (j2.3|) . (|2.4|) imply a 
reduced form of the usual quantum Knizhnik-Zamolodchikov equation of 'level —4': 

(2.9) /i„(-- - ,A,-l,---) = 4''^(Ai,-- - ,A„)/i„(-- - ,A„---), 
where 

(2.10) Ai^)(Ai,-- - ,A„) 

= (-l)"i?j,j_i(Ajj_i - 1) ■ ■ ■ Rj^i{\j^ - l)Rj j^{\jj+i - 1) ■ ■ ■ R^n^Xj^n - 1) 

^Pj3^hn{\;n) ■ ■ ■ Rj,j+liXj,j+l)Rj^li\j,l) ■ ■ ■ RjJ^{>^j,j-l) ■ 

We call ()2.9p the reduced qKZ equation. The constraint ()2.5p is compatible in the 
sense that, if /i„(Ai, ■ ■ ■ , A„) satisfies the ()2.9|) . then so does y~j/i„(Ai, ■ ■ ■ , A„,) with 
respect to (A2, ■ ■ ■ , A„) and with n replaced by — 1. 

Assigning a weight wt (f±) = ±1, we have the decomposition into weight sub- 
spaces V^®2n _ 0;g2(V"®^'^);. The reduced qKZ equation is satisfied by each weight 
component of hn- In this paper we consider only the component of zero weight, 
hn G {V'^'^^)q, since this is the case relevant to correlation functions. 

Viewed as a system of difference equations, our reduced qKZ equation is highly re- 
ducible. In the first non-trivial case n = 2, there exist functions /(Ai, A2), /(Ai, A2) G 
1/®^ depending rationally on Q = e'"^"^^ such that the transformation 

(2.11) hiXu A2) = cD(Ai,2)/(Ai, A2) + a;(Ai,2)/(Ai, A2) + 1 ■ ^SijS2,2 
brings (|2.3|) - (j2.4j) into the triangular form, 

'1 1 p{X)+P{X) 

(2.12) I c^(A- 1) I + I 1 p(A) 

-1 
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where 
(2.13) 

(2.14) 



p(A) := 
p(A) := 



1 



[2] 



2[A-l][A-2] 4[A-1][A + 1] 
3 1 1 [3] 



4[A][A-1] 4[A-2][A + 1]' 
together with the parity condition: 

(2.15) cD(A) = -cD(-A), tu{\) = u{-\). 

Solutions of ()2.12jl relevant to the XXZ model will be given in Sectional ()13.2jl - 

(imi). 

Remarkably, the formula 1)2.111) generalizes for any n as follows: 



(2.16) 



^n(Al, ■ ■ ■ , A„) — OJlUJj ■ fij, 



I,J 



where ui = n{j,j)e/ = Il{i,j)eJ^(^hj)^ fi^J rational functions in 
Ci, ■ ■ ■ , Cn and the sum ranges over I = {ii, ■ ■ ■ , im), J = (ji, ■ ■ ■ , j™) G {1, . . . , n}"^, 
such that i 

ii ■ ■ ■ 1 ^m; jii ■ ■ ■ 1 jm are distinct, ip <^ jp ^ p ^ ttl) and ii < ■ ■ ■ < im- 
A precise formulation is stated in Theorem l3.1[ In this paper, we prove the existence 
of solutions to ()2.3p - ()2.5|) of the form ()2.16|) . by constructing the rational functions 
fi^j explicitly. 

3. Construction of 

In this section we introduce the solution /i„ and state the result. 

In the following construction, a key role will be played by a family of linear maps 

„Xi^HAi, ■ ■ ■ , A„) G Hom(V^2(n-2)^ ^^2n) (1 < 2 < J < n) 

depending on the parameters Ai, ■ ■ ■ , A„. They can be viewed as certain transfer 
matrices whose auxiliary spaces have 'fractional dimension'. We begin by defining 
these objects. 

Let q = e^^" . Let i?, F, g^^/^ be the standard generators of Uq{s[2). Define the L 
operator by the formula 



(3.1) L{\) :- 



( 



\ 



A + 



l+H 



E 



A + 



F 

1-H 



e U,{5l2)^End{V), 



where F = Fq^^-^^l"^, E = q-^^-^^/^E. Denote by tt^'^) : Ugisk) End{V^''^) the 
(A; + l)-dimensional irreducible representation. There exists a unique C[(, (^~^]-linear 
map 

Trx,c : U.ish) ® C[C, C"'] ^ AC[C, C"'] © C[C, C"'] 

such that 



TrA,c(^) 



A=fc+l,C=g* 



^^=tr^(.) (7rW(A)) (VA;GZ>o) 
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holds for all A G f/g(s[2). For the properties of Tr^,^, see Sectional An element 
/(A, C) G C[A, (, (~^] is determined by knowing /(A, q^) (see Lemma 1711 below) . For 
this reason we will mainly consider 

Tt,{A) :=Tr,,,.(A). 

Notation being as above, we define 

(3.2) „X,_2(Ai,--- ,A„)(m) 

'■= TT TTfn FT TTT fTrAi.a (^i^^ ( 7. ) ) ("Si, S-Sl, 2W3,- ,n,n,- - ,3) • 

[^l,2j llp=3['^l,pj[^2,pj V Z / 

Here u G •l/®2(n-2)^ ^ g^^g^^ (j^^j), and t|^(A) G ^/^(sb) ® End(V^2n) g^^^^^g 
the 'monodromy matrix' 

T[^l(A;Ai,...,A„) = Li(A-Ai-l)---Lj(A^^-l)---L^(A-A„-l) 

X L„(A - A„) ■ ■■L.iX - Xi) ■ ■ ■Li(A - Ai). 

In the above, we have abbreviated Tn\X; Ai, . . . , A„) to Tn\X). In general, we define 

(3.3) 

— ■I^n'"'''(-^l! ■ ■ ■ ) -^n) ° nXn-2{\, Aj, Ai, ■ ■ ■ , Aj, ■ ■ ■ , Aj, ■ ■ ■ , A„), 

where 

(3.4) R(:'^-)(Ai,---,A„) 

:= -Ri,j-i(Aii_i) ■ ■ ■ -R2,i(Aj,i) 

^ -^ij-l(-^JJ-l) ■ ■ ■ -Ri+2,i+l(Aj,i+l) ■ -Rj+l,i(Aj^j_i) ■ ■ ■ ■-R3,2(Aj,l) 

X -R— j(Ai_i,i) ■ ■ ■ -Ri2(Ai,i) 

The complicated expression of mF(Ai,--- ,A„) can be understood clS 8b chain of 
processes of reversing the order of arguments. (See ()4.1|) .) Using the Yang-Baxter 
relation 

(3.5) i?i,2(Ai,2)L2(A - A2)Li(A - Ai) = L^{X - Ai)L2(A - A2)i?i,2(Ai,2), 
it can be written alternatively as 

nX^!^l[Xi, ■ ■ ■ , Xn){u) = i?j,j_i(Aj,j_i) ■ ■ ■ i?j,i(Aj_i)i?^j(Ai_i,i) ■ ■ ■ Ri i{Xi^i) 

1 Tr. (t^^(^^1±2^]] 



I S <i rt S 4 '■'1 -t — ■ ■ T ( • 

'i7 'ij I,--- J,--- ,n,n,--- ,1/ 



By the definition, n-^i^l^^ has the structure 

(3.6) nX'^n-li'^li ' " 1 ^n) = " Ajj ■ nG^^^^lCl; ' ' ' 5 Cn) + nG'[^*^2(Cl, " " " , Cn), 



8 H. BOOS, M. JIMBO, T. MIWA, F. SMIRNOV AND Y. TAKEYAMA 

where nG^j^f glCi) ' ' ' Xn) and nG^-liCi^ ' ' ' y Cn) are rational functions in Ci, ■ ■ ■ , (n- 
The properties of "^ill be discussed in Section HJ 

With each solution lj{\),u!{X) of the difference equation (j2.12|) and the parity 
condition (|2.15p . we now associate a V^^^-valued function /i„ as follows. Set 

(3.7) 

:= 0j{Xi,j) ■ nGn-liCl, ■ ■ ■ , Cn) + ^^(Ajj) " nGn-liCl, " " " , Cn)- 

For an ordered set of indices K = {ki, ■ ■ ■ , k^} (1 < /ci < ■ • ■ < /Cm < n), we use 
the abbreviated notation 

We set also 

m 

Define 

(3.9) /i„(Ai,--- ,A„) 

2"-2"^ 2Z ^Ki,(h,n) O ^i^2,(i2,i2) O ■ • ■ O ^ii'^.CwJ™) (s„-2m) • 

m=0 

Here the second sum is taken over all sequences ii,--- ,im,ji,-'' 1 3m of distinct 
elements of f^i = {1, ■ ■ ■ , n} such that ii < ■ ■ ■ < and ii < ji, ■ ■ ■ ,im < jm- The 
Ki (/ = 2, ■ ■ ■ ,m) are subsets of Ki obtained by removing from Ki^i. For 

instance, if n = 4, then 

3 terms 

/l4(Al,---,A4)= 5^ 4^^?''^(Al,--- ,A4)02(^(^'')(A3,A4)(1) 
^ 6 terms ^ 
~4 4^^2^'^^(Al,- ■■ ,A4)(S2) + — S4. 

Expanding ()3.9|) in terms of uj{Xi j) and co'(Ajj), we obtain an expression of the type 

dnni). 

We are now in a position to state the result. 

Theorem 3.1. Let u;(A),co'(A) be a solution of the difference equation ()2.12j) and 
the parity condition fl2.15|) . Define hn by fj3.9|) . where n^n^l ^"^^ given by fj3.6p anrf 
()3.7p . r/ien satisfies the reduced qKZ equation fl2.3|) . ()2.4|) as u;e// as ()2.5|) . 
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Example. 

In the simplest non-trivial case = 2, we have the following representation for /i2: 

/i2(Al, A2) = -cD(Ai,2) ■ 2Go(Cl, C2)(l) - CU(A1,2) • 2Go(Cl, C2)(l) + ^SijS2,2, 

[q-q ) • 2Go(Ci,C2)(l) = + ^ ^> 

(g - q-'f ■ 2Go(Ci, C2)(l) = (C + C"')^ +{q + q-')B, 
A = {+--+) + {- + +-), 

5 = (+ + —) + (- - ++) + (+ - +-) + (- + -+), 
Here we have set C = C1/C2 and (ei, e2, €2, ei) = v^^ ® ® ® v-^^. 
The following sections are devoted to the proof of the theorem. 

4. Reduction of reduced qKZ equation 

The system of equations ()2.Hp . ()2.4|1 . ()2.5p for /i„ is based on the following five 
properties. 

Exchange relation: 

(4-1) nX^-l{- ■ ■ , Afc+i, Afc, ■ ■ ■ ) = Rk,k+l{^k,k+l)Rk+lJ^{^k+l,k) 

'n^i-2^^^(- ■ ■ , Afc, Afc+i, ■ ■ •), {i = k,j = k + 1), 

. . ^ ^^^^^ . . . )^ ((|(|^^^.| n {fc, A: + 1}) = 1), 

n-^i-2(' ■ ■ 5 Afc, Afc+i, ■ ■ ■ ) 

X ^fc/,fc/+i(Afc,fc+i)"^^F+T,F(Afc+i,fc)"\ ({^, j} r\{k,k + l} = 0). 

Here tt^ signifies the transposition {k,k + 1), and in the last line k' signifies the 
position of A^ appearing in (Ai, ■ ■ ■ , Aj, ■ ■ ■ , - ■ ■ , A„). 
Difference equations: 

(4.2) nX^^l{Xi, ■ ■ ■ , Afc — 1, ■ ■ ■ , A„) 

= -A(f)(Ai, ■ ■ ■ , AO o „x£:^^(Ai, ■ ■ ■ , A„) ik = 2, j), 

(4.3) „X^l"'2(Ai, ■ ■ ■ , Afc — 1, ■ ■ ■ , A„) = Alli^\Xi, ■ ■ ■ , A„,) o „X^l"'2(Ai, ■ ■ ■ , A^) 

X ^f-2(Ai, ■ ■ ■ , Ai, ■ ■ ■ , Aj, ■ ■ ■ , A„)"^ (k ^ 

Here k' signifies the position of A^ appearing in (Ai, ■ ■ ■ , Aj, ■ ■ ■ , Aj, ■ ■ ■ , A„). 
Commutativity: For distinct indices i,j,k,l, 

(4.4) nXl^!^l{Xi, ■ ■ ■ , Xn) O „_2X^^4 -"(Ai, ■ ■ ■ , Aj, ■ ■ ■ ,Xj,--- , Xn) 

= n-^n-2 (Al; ' ' ' ; A^) O „_2-^n-4 ^Al; ' ' ' ; Afc, ■ ■ ■ , A;, ■ ■ ■ , A„). 

Here k' and I' signify the positions of Afc, A; appearing in (Ai, ■ ■ ■ , Aj, ■ ■ ■ , A-,-, ■ ■ ■ , A„). 
Likewise i' and j' signify the positions of Aj, Xj appearing in (Ai, ■ ■ ■ , A^, ■ ■ ■ , A;, ■ ■ ■ , A,^ 



X < 
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Cancellation identity: 

n 

(4.5) 45^„yiif(Ci,--- ,Cn)(s„-2) = (A«(Ai,--- ,A„)-^-l)(s„). 

i=2 

Recurrence relation: 

(4.6) „_in„o,xS(Ai,--- ,A„) 

^fo (l = z<j<n), 

\n-iXtl''-^\X2. ■ ■ ■ , A„) o „_3n„_2 (2 < z < J < n). 
In ()4.5j) . we have introduced the function 

(4.7) „Fi!:?(Cl,--- ,Cn) ■■= P{K,) ■ uGt^liCir ■ ■ Xn) + V{K,) ■ nGt^liCir ■ ■ Xn) 

which is rational in (^i, ■ ■ ■ ,Cn- 

Proposition 4.1. The properties fl4.1|l - fl4.fj|l imply the reduced qKZ equation (I2.H|1 . 
(j23D anc? (1231) forhn. 

Proof. Eqs. (14.11) . ()4.3p and ()4.4|) are equivalent to the corresponding set of relations 
for the rational functions ^"^^ nG^'ll- Hence they hold true if we replace 

„X^*1^2 by n^n-l- '^^^ exchange symmetry (|2.3|) for /i„ is obvious from this remark. 

Let us consider dTHl . It follows from TTWi and (jOJ that the definition (gTj) of 
nYn-2 can be rewritten as 

(4.8) „ni^^(Ai-l,-- - ,A„) 

= H-^l) ■ ■ ■ ) -^n) ^n^n-f2 (Ai, ■ ■ ■ , A„) + „Fji'^''(Ci, ■ ■ ■ , C„) j . 

Set 

n 

<^n(Ai, ■ ■ ■ , A„) := —4 „r2|^1^2 (Ai, ■ ■ ■ , A„) (s„_2) + Sn- 

i=2 

Then fO|) and P3|) imply that 

(4.9) 0„(Ai - 1, ■ ■ ■ , A„) = A«(Ai, ■ ■ ■ , A„)0„(Ai, ■ ■ ■ , A„). 

In the definition ()3.9|) of hn, the sum is taken over sequences ii, ■ ■ ■ , im,ji, ■ ■ ■ ,jm- 
The commutativity (j4.4j) implies that 

(4.10) ^K,{l,j) ° ^K\{l,j},{k,l) = ^K,{k,l) O ^K\{k,l},{l,j)- 

Repeating this procedure, one can bring the index '1' to the last position. Collecting 
terms containing '1', we obtain 

(4.11) /l„ = ^ ^„,2m ^KiXhJi) ° ^i^2,fe,i2) O ■ ■ ■ O (0n-2m) , 

?TI=0 

where the sum is taken by the same rule as in ()3.9|) except that ii,ji 7^ 1 (/ = 
1, • • ■ ,m). The reduced qKZ equation ()2.4|) for /i„ is an immediate consequence of 
dnH), (jOl), and (jOj). 
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Finally ()2.5|) is a simple consequence of the relation ()4.6|) . 



5. Properties of 



n-2 



Let us study some simple properties of ^X^^fg. 
The C[(, C~^]-linear map 

TrA,c : f/,(5l2) ® C[C, C"'] AC[C, C"'] © C[C, C"'] 
is uniquely characterized by the following properties. 

(5.1) TrA,c(A5) =TrA,c(5A), 

(5.2) Ttx^(^{A) = if A has non-zero weight, 

(5.3) Ti,,(r'')=^' = 



[m 



7^0), 

(5-4) Tr,,c(CA) = ^i±^Tr,,^(A), 

where A,B E Ug{sl2), and 



[q-q 1)2 

is a central element. It follows that for any A G Uq{sl2) we have 
Trfc+i,,fe+i(A) = try(.) (7r«(A)) (A; G Z>o), 

and 

(5.5) Tr_,,^-i(A) = -Tr,.^(A). 
For A; G Z>o, we set 

r('='i)(A) := (7rW®id)(L(A)). 
We have r'^i'i''(A) = t(A). We will often use crossing symmetry 

(5.6) La{X)Sa,b = -Lb{-\ - l)Sa,b- 

Since 



..(f)..(f-0». - 

we have for any A G t/g(st2) 
(5.7) Tr,(AL,(0L.(^-l)).i,, 



_|_ g M 

(g-g-i)2 



- c .1, 



;U — A] [yU + A 



TrA (A) si,2. 



Note that (j5.7p implies that 
(5.8) Tt,[a7iM^-1)L,{^)) = Tr,(ALi(^)L2(^-l)T^2 

TrA (A) 91,. 
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Lemma 5.1. For each ep,ep,ep,e'p E {1,-1} (2 < p < n), set I = J2p=2(h + ^p)' 
I' = J2p=2i^'p + ^p)- Then as a function of Xi we have 



(5.9) Tr.,,(L(^-l)^_^^^.,L(: 



-A3-I)- _,---L(^i±^-A„-l)_ 



, Ai + A2 , \ /Xi + X2 



'cr^"''^'"/'HAi,2^(c?)+^7(cf)) (/ = /') 

(/^O, 

where g{z),g{z) are polynomials of degree at most n — 1 + \l\/2. 

Proof. Let us write €2, ■ ■ ■ , e„, e„, ■ ■ ■ ,€2 as ei, ■ ■ ■ , £2^-2 • The expression inside the 



Al,2+£p-H" 



where Cp IS 3i Z-hnear 



trace is a product of factors of the form E, F 

combination of 1/2, A2, ■ ■ ■ , A„. The Tr has a non-zero value only when E and F 
occur the same number of times. Hence it is if / 7^ /'. 
Consider the case 1 = 1'. By the property ()5.4|) we have 



EE 



EE = 



X + 1~H 



X + l + H 



X-l + H 



X-l~Hi 



where X = X' means that TrA(AX) = Ttx{AX') for all A e Uq{sl2). Using them 
one can reduce (j5.9p to a linear combination of terms of the form 

TrAi 2 (g("-l)-^i.2 + ('/2)^-Epgj(Ai,2+ep/^) j 

[(V2-Epei_£p)Ai,2] 



(n-l)Ai,2-tt/-Ai,2 



Al,2 



(otherwise), 



where / is a subset of {1, ■ ■ ■ , 2n — 2}. The last expression is a linear combination 
of Ci or Ai.2Cr; with the possible power (note that / is even) 



n 



pel 



It is easy to see that s = n — 1 + \l\/2 mod 2 and |s|<r2 — l + |/|/2. 

~ (1 2) 

Lemma 5.2. The functions nGn-2 ^^■^ the parity property 



□ 



(5.10) uG^n-liCl 



< 



■31 



1 ] 



1) 



,Cn) 

iCji' 



I Cn 



(3<j<n). 



/n particular, we have 

(5.11) nG'^-l2'(Cl; ■ ■ ■ ! ~Cj; ' ■, Cn)(Sn-2) = ' n'5'il2'(Cl! ' ' ' ! Cj! ' ' ' 5 Cn)(Sn-2) 

These relations hold also for nGn-2 place of nGl^f'2 ■ 



REDUCED QKZ EQUATION 13 

Proof. The case j > 3 is a consequence of the relation 
(5.12) L{X + l/u) = -a'L{X)a\ 

For j = 1, ()5.10|) follows from Lemma 15.11 and 



n-2 

P 

p=l p=l 



Finally the case with j = 2 follows from the translation invariance 

n^i-li^l + • • • , A„ + /i) = n^i-li^l^ • • • 5 -^n) 

and the rest of ()5.10|) by simultaneously shifting Xj by 1/z/. □ 

Define an operator acting on Iqj 
(5.13) t^^;-^'\X-Xk+i,...,Xn) := i?,,^(A-Afc+i-l)---/2„,^(A-A„-l) 

X-Ra,n('^ ~ ^n) ' ' ' Ra,k+l{^ ~ -^fc+l) 

for a G {1, . . . , fc, fc, . . . , 1}. The following specializations are sometimes useful. 
Lemma 5.3. We have 
(5.14) 

(5.15) 



Proof. By the definition we have Tri(y4) = e{A), where e : Uq{sl2) C stands for 
the CO unit. Since 







= 0, 








A,,j=±l 












-1 1 

[2] 


a2(-2 




Ai,2 = -2 




-l;A3 


■ ■ ■ , An) (si,2'5l,2'W3,- 




..,3), 



is divisible by [^^'|-^][^^^-^], we obtain (j5.14p . Similarly (j5.15|) follows by noting 

tlvMaraA^)) = ^b. □ 

Lemma 5.4. The coefficients of the linear map 

n 

belong to A,,,C[C^\ . . . , C;^'] © C[C^\ ■■■Xn']- Moreover, nX^^^^liXi, ■ ■ ■ , A„) does 
not have a pole at Xij = 0. 

Proof. The regularity at Ajj = is a consequence of the property (j5.5|) . 

Let X denote the expression (j5.16p . We must show that the poles [Aj^p ± 1] = 
(1 < p < z — 1), [Xj,p ±1] =0 {I < p < j — l,p i) contained in the product of R 
matrices are spurious. We show X is regular at [Xj^p + 1] = with 1 < p < i — 1 
and [Xi^p + 1] = with 1 < p < i — 1. The other cases can be treated in a similar 
manner. 
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Using the Yang-Baxter relation ()3.5|) we can move Lj to the right and bring it to 
the position next to Lp, so that X becomes as follows. 

X{u) = Ri^i-i ■ ■ ■ Ri^i ■ Rj,j-i ■ ■ ■ Rj,i ■ ■ ■ Rj,p+i ■ R~^i ■ ■ ■ Ri,i 

xTr;,. ^ (^Li ■ ■ ■ Li' ■ ■ Ln ■ Ln - ■ ■ Lj ■ ■ ■ Li - ■ ■ Lp^iLjLpRjpLp^i ■ ■ ■ Li^ 

Here we have set Lj, = Lj,{{\i + Aj)/2 - - 1), Lk = Lk{{\i + \j)/2 - A^), 
Rk,i = Rk,i{^k,i) and R^j = Rj^j^Xk^i)- The possible pole at [Xj^p + 1] = comes only 
from the underlined part, 

(^) i~2' ~^ '^■''^) ^^'P^^^'P^ ^^'^ (-^pj) ■ 

Because of (|5.8p and (|5.12p . the pole is in fact absent. 

Likewise, we move Lj to the left, and use cyclicity 1)5.11) and crossing symmetry 
()5.6|) to change it to Lj. Bringing the latter further to the left, we obtain 

—X{u) = Ri^i-i ■ ■ ■ Ri^p+i ■ R—-i ■ ■ ■ Rp-j ■ ■ ■ Ri'i ■ R-prij ■ ■ ■ Rij ■ ■ ■ Rij 
xTr^j^ (^Li ■ ■ ■ Lj ■ ■ ■ Lj ■ ■ ■ Ln ■ Ln ■ ■ ■ Li ■ ■ ■ Lp^iLiLpRi^pLp^i ■ ■ ■ Li^ 

where the underlined part is 

Rp~i{\,i) and Lii^-^^Lpi^-^ + Xi.^Rip{\ip). 
Hence [Aj.p + 1] = is not a pole for the same reason as above. □ 

6. Proof of exchange relation 
Let us verify the exchange relation. 

In the case (i, j) = {k^k + 1) = (1, 2), ()4.ip is derived by noting the Yang-Baxter 
relation 

(6.1) /?i,2(Ai,2)L2(A - A2)Li(A - Ai) = L2(A - Ai)Li(A - A2)i?i,2(Ai,2) 
and that 

^l,2(Al,2)^2,i(A2,l)L2(^)L2(^ - l)si,2"Sl,2 
= -^l,2(Al,2)^2,i(A2,l)L2 (^)Li (^) Si,2Si,2 
= -L2(^)Li(^)i?i,2(Al,2)i?2,l(A2,l)Si,2Si,2 
= ^2(^)^2(^ - l)si,2Sl,2- 

In the last line we used the unitarity 

i?a,6(A)i?fe,a(-A) = id 



REDUCED QKZ EQUATION 15 

and crossing symmetry 
for the R matrix. 

The rest of the assertion is an easy consequence of the Yang-Baxter relation 

7. Proof of the first difference equation 
In this section we prove ()4.2|) and ()4.3|) . We note that the symmetry 

^n\- ■ ■ ) ■ ■ ■ )Rj,j+li^j,j+l)Rj+rji^j+l,j) 

= Rj,j+ii^j,j+i)Rj+iji^j+i,j)'^n\- ■ ■ 5 Aj, Xj+1, ■ ■■) {j >'2) 

allows us to restrict to j = 2 for ()4.2p . and to = (2, 3) for ()4.3p without loss of 
generality. 

Observe also that the relations ()4.H) - ()4.6p are equalities between rational functions 
in (j. It is enough if we prove them when one of the parameter differences Xij is a 
sufficiently large integer, because of the following Lemma. 

Lemma 7.1. Let q be a non-zero complex number such that 7^ 1 for any positive 
integer n, and let /(A, Q G C[A, Q . If f{k, q^) = for any integer k > N for some 
N, then f{\, = 0. 

Proof Write /(A,C) = EiJ=o /™(C)A"^, /m(C) e C[C]. We show / = by induction 
on M and deg/M- The case M = is obvious. Suppose the assertion is proved for 
smaller values of M, or the same M with deg /m < /. Let us prove the case deg /m < 
I. Consider /(A, () = /(A + 1, q() — q''f{X, ()■ By the induction hypothesis, we have 
/ = 0. Let T be the linear map on W = ©^=0 ®n=o CA™C" {N = max deg /™) 
given by (Tg){\,() = g{X + IjQ'C)- We have then Tf = q'-f. Since q is not a root 
of unity, ly is a direct sum of generalized eigenspaces Wg = ®^^q'C\"^(^ of T with 
the eigenvalue q'^ {0 < s < N). Each eigenspace is one-dimensional because is 

represented by a matrix with one Jordan block. Hence Tf = q'-f implies / = 
with some a G C. It is then clear that / = 0. □ 

We prove ()4.2|) for (i,j) = (1, 2), assuming A2,i = k + 1 e Z>2. 
We use an auxiliary space vj''^ of dimension k + 1 and set 

vrf ) = TT^^) ® idv®2n : Uq{5l2) ® End(\/®2n^) — ^ End(Vf )) ® End{V^^''). 
Since 

n 

- l[[X,,, - l][Ai,, + 1] ■ A«(Ai, ■ ■ ■ , A„) = tr^a) (7r«(TW(Ai))Pa,i) Pi,!, 

p=2 

the identity to be proved reads 

(7.1) fl[X,,, - k - 1][X,,, - k] . tr^(...) U'^'\Tm{X2 - ^)) s,-,si,, 

p=2 ^ 

= tr^a) (vri^^ W^^(A2 - k - l))P.,i)Pi,itr^(., (vrf (rW(A2 - ^))) .1,2^1,2. 
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First, we show that the operator Pi j can be replaced by 1. Since Pi i = l + ri^i(— 1), 
it is enough to show that 

(7.2) n,i(-l)tr^(.)(7rf (rW(A2 - ^)))^i,2^i.2 = 0. 

By using crossing symmetry (see ()5.fij) ) and cychcity of the trace we see that 

the above expression contains 

'■S"(^)ra"(%^-l)r,,(-l) 

inside the trace. Then, using ()5.7|) . we obtain ()7.2p . 
Rewrite the right hand side of ()7.1|) as 



where 



Here we used 

T^2](A) = L-siX - A3 - 1) ■ ■■Lr.iX - A„ - 1)L„(A - A„) ■ ■ ■ L,{X - A3). 

The space V'^'^^ can be identified with the subspace of V^'^ consisting of completely 
symmetric tensors, 

fc-i 

(7.3) V^'^ ^ fl Kerr,,^,,,(-1) C ^i'^ ® ■ • • ® V,^^\ 

i=l 



and the operator r^^ (A) acting on is identified as 



^ k-l A;- L k-1. 



i=o 



The factor in the left hand side is non-zero for A = Ai,2/2 = —{k + l)/2. Let us 
show 

It suffices to check that 

Let us prove it. From the Yang-Baxter equation we have 

ra,b„i-l)Bsi^2 = ri,^^2i-k)ra,2i-k-l)rh^_^^2i-k + l)---n2,2i-'^) 
X ra,fe^(-l)r6j,2(-l)Pa,iSi,2. 
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By using crossing symmetry repeatedly, we find 

'^fei,2(-l)^a,lSi,2 = ni,2(-l)ra,l(0)Si,2 

= - rf,^,2(-l)r2,a(-l)Si,2 = ra,fei(0)r2,a(-l)si,2- 

Thus we get 

?^a,6fe(-l)rbi,2(-l)Pa,iSi,2 = r^.b,. (" (0)r2,a (" l)Si,2 

= '^a,fei(0)r6j,6^(-l)r2,a(-l)Si,2. 

This acts as on V^^'^ O V^^'^). 

Therefore the trace of BA is unchanged if we replace T^*-^-* (8> V-^-* by V"^'^"*"^-'. Using 
crossing symmetry we rewrite the right hand side of ()7.1|) as 

(7.4) tiy(k+i) (bA^ Si,2-Si,2 = -try(fc+i) (^Araa{-k - l)P^^irf-^^ (^-y^)) Si,2Si,2- 

The space V^^+^^ can also be identified with ImrJ^„^^(^) C V^^^ ® V^^\ On the 
other hand, ()5.7|) implies that 

holds on y*^^) ® K"^^). Hence in the right hand side of ()7.4|1 one can drop Pa,i- 
Using the fusion relation 



' b,a 9r(fei,---,fefe),a'^^ ^ cy/ 



r 



(fe+1,1) 

{bM,-,bk) 



2^ (fei,--- ,fefe),aV 2^ 

we obtain ()7.1|) . 

8. Proof of the second difference equation 

We prove (j4.3j) with {i^j) = (2,3) and k = 1. Other cases follow from (j4.1|) and 
the following equalities. 

Rk,k+l{^k,k+l)Rk+TJ^{^k+l,k)An \- • • , Afc, Xk+1, • • •) if j ^ k, k + l] 

Rk,k+i{Xk,k+i — l)-RFfT^fc(AA:+i,fc + l)An \. . . , Afc, Xk+1, • • •) if j = k + 1; 

Rk,k+l{Xk,k+l + ^)Rk+l,ki^k+l,k — l)An^^\. . . , Afc, Afc+i, . . .) if j = k. 

The relation to be shown reads as follows: 

(8.1) nX^-2{Xl — 1, A2, ■ ■ ■ , Xn)tl^^_2i{Xl', A4, . . . , A„)Pi 1 

= -Ri,2(-^1,2 — 1)-Rl,3(-^1,3 — ^)^n'l^\-^l'': "^4, • • • , A„)-Ri^3(Ai,3)-Ri^2(-^l,2)-Pl,l 
Xn-^i^l^Ai, A2, ■ ■ ■ , A„). 

Here t^^^_^ j and t^^f'^^ are given in (|5.13|) . 
From (j4.2j) . we have 

n-^n-fl-^b X2 — l, - ■ ■ ,Xn) = —A^^\Xi, ■ ■■ , A„) O „X^^2H-^l5 -^2, " ' ' 5 -^n)- 
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Let Z{Xi, ■ ■ ■ , A„) denote the left hand side minus the right hand side of ()8.1|) . Then 

Z(Ai, A2 - 1, ■ ■ ■ , A„) = -A^n\>^i - 1, ■ ■ ■ , A„)Z(Ai, A2, ■ ■ ■ , A„). 

The matrix A^'^\\i — 1, ■ ■ ■ , A„) does not have a pole at A2 = A3 — A; with A; G Z, 
k >2. To show Z = 0, it is therefore enough to check it for A2 = A3 — 2. 
The verification is straightforward with the aid of 

(8.2) „xS(Ai,A3-2,A3,...,A„)(n) 

= (-l)"lr2,3(-2)i?2,l(A3,l - 2)i?I,3(Ai,3) 

^ t|^2'^^(A3 — 1; A4, . . . , A„)(s2,3S2,3Mi,4,...,„,j^,...,4j). 

9. Proof of commutativity 

From the exchange relation ()4.H) it suffices to prove the case of {i,j,k,l) = 
(1,2,3,4). Let Z'{Xi,- ■■ , A„) stand for the difference between the left hand side 
and the right hand side of (j4.4p . From (j4.3|) . we have 

Z'(Ai - 1, A2, ■ ■ ■ , A„) = -A«(Ai, ■ ■ ■ , K)Z'{Xu A2, ■ ■ ■ , A„), 
Z'(-.- ,A3-1,---) = -4'HAi,--- ,A„)^'(--- ,A3,---)- 

Both An\Xi, ■ ■ ■ , A„), An\Xi, ■ ■ ■ , Xn) do not have poles at Ai,2 = —k nor A3,4 = 
—k for k E 'E, k > 2. Therefore, in order to show Z' = 0, it suffices to verify this 
when A12 = A34 = —2. In this lengthy but direct verification using ()5.15|) 

shows that both sides of ()4.4p are equal to 

-^ri,2(-2)r3,4(-2)i?i,4(A2,4 - 2)^;f •'1(A4 - 1; A5, . . . , A„) 

^ ' ^(-^2 — 1; A5, . . . , A„)-Ri 3(A2,4 + l)'5l,2'5l,2'53,4'S3,4- 

10. Proof of cancellation identity 
In this subsection, for u E V^'^2(n-i) abbreviate Ui ... n-i^^-- i^n,n to u ■ Sn,n- 

Likewise for U E \/®2(n-2) abbreviate ^il,...,n-2,^^^,--- ,V^n-l,n^'^n,n to U-S^_i -;^Sn,n- 

We set 

<5n(Cl! ■ ■ ■ Xn) 

n 

:= 45^ (Cl, ■ ■ ■ , Cn)(s„-2) - (A«(Al, ■ ■ ■ , A„)-' - 1) S.. 

i=2 
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This is a rational function in (ir ' ' Xn- The following properties are easy to 
establish. 

(10.1) gn(Ci/e, ■ ■ ■ , Cn/O = QniCi, ■ ■ ■ , Cn) (for any ^ G €><), 

n 

(10.2) $^(a| + af)g„(Ci,---,Cn)=o, 

(10.3) Pjj^rjj^(Ajj+i)g„(- • ■ , Ci+i, (j, ■■■) 

= Pj,j+irjj+i{Xj,j+i)Qn{- ■ ■ , Cj, 0+1, ■ ■ ■ ) (2 < J < n - 1), 

(10.4) Q„(Cl, ■ ■ ■ , Cn-l, -Cn) = -<CT?Q„(Cl, ■ ■ ■ , Cn-1, Cn)- 

Eq. ^nn\ follows from Q. Eq. dTTU^ follows from (HH), (glU) and 

(10.5) -Rl2(A)-R2,l(-A)SiiS22 = SiiS22- 

Eq. ()10.4|) follows from Lemma f5. 21 
Lemma 10.1. As oo, 

Qn{(l, ■ ■ ■ , Cn) = Qn-l(Cl; ' ' ' ; Cn-l) " ^nfl + ^(C^"'^)- 

Proof. Let us estimate the behavior of the difference 

(10.6) QniCl, ■ ■ ■ ,(n)— Qn-l(Cl) ' ' ' ) Cn-l) ' Sn,n 

= 4n^ii'2''(Cl; ■ ■ ■ ; Cn)(Sn-2) 
n-1 

+4 ^ (nyn-2\Cl: ■ ■ ■ 5 Cn)(Sn-2) " n-l^ii's^Cl) ' ' ' 5 Cn-l)(Sn-3) " Sn,nj 
i=2 

~^n H-^l) ■ ■ ■ 5 -^n) ^(S„) + A[;2i(Ai, ■ ■ ■ , A„_i) ^{Sn-l) ■ Snfi- 

Consider the behavior of the first term when C^^ — oo. It is easy to estimate 
A'h\Xi, ■ ■ ■ , A„)~^s,„. For „Fji'2^(Ci, ■ ■ ■ , Cn)(s„-2), we move A„ to the left end by 
using 1)4.11) . The matrices Rnj{Xn,j)Rj,n{Xj,n) are regular, while p(Ai,„),p(Ai,„) be- 
haves as 0(C^^). We apply Lemma EUl Because of the presence of Si 2Si 2S„_2, in 
the notation of Lemma l5.ll we have X]p=i(^p + ^p) — 0- Therefore, from I = I' we 
obtain I = —{ei + e[) and |Z| < 2. Thus we have 

nGn-2iCn, Cl; ' " " , Cn-l)(Sn-2) = 0{(^^), 
nGnl^2iCn, Cl; ' " " ; Cri-l)(Sn-2) = ^(C^"'"). 

For the j-th term of the second sum, we have inside the trace 

V [Ai,n][A„„] n 2 y "V 2 ; y 

Inserting the formula ()3.Hl of L, we see that this expression behaves as 0(C^^) as 
Cl^^ ^ cxD. Likewise the third term of ()l().(j)l has the same behavior. 

This completes the proof. □ 
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Lemma 10.2. The function YYj=2['^^,j] ' QniCii ' " Xn) belongs to C[(^^, . . . , Cn^]- 

Proof. The only possible poles are where one of the following factors vanish: [Xij], 
[Aij ± 1], [Aij — 2] {2 < j < n), [Xij] {2 < i < j < n). In view of the parity property 
()10.4|) . it is enough to show that Aij ±1 = 0, Aij — 2 = and Xij = are not poles. 
At Aij = ±1, only nYn~2 c^'^ have a pole. Since 

resA=±ip(A) = =FresA=±ip(A), 

we have by Lemma (5.31 

resAi_^.=±i (^nYn-i iCi^ ■■■ ^ Cn)) = coust X ^X^^l^^^Xi, ■■■ , A„) 

= 0. 

The last line follows from Lemma f5.4[ 

At Xij = 0{2<i<j<n), the contributing terms are „F„^i'2^(s„_2) and 

nFji2^(s„_2)- It is enough to compare „X^^_:2^(s„_2) and nX^-2i^n-2)- It is easy 
to check that their residues cancel each other by using -Pi+i,irj+i j(0) = 1, and 

Consider Xij = 2. Using 

1 



[A-2]p(A) =1 [A-2]p(A) 

A=2 2 



A=2 



we find 



n[Ai,,][Ai,,-2]-4„Fiif(Ci,--- ,Cn) ^ (S.-2) 



p=2 



'[2] n^-,p + 2][Aj-p] • „X^"^_:2^(Ai, . . . , A^ 



p=2 



[Sn-2) 

Aij-2 



= "-^ij-ll-^ij-l) ■ ■ ■-^i,2(Aj,2)-RjTTj(Aj_ij) ■ ■ ■R2-jiX2,j) 

TT2{Lj{0)Tt'\Xi-l)L,{l))s,jsi,, H Sp,p, 



where 



T^-'l(Ai-l) = L2(Ai,2-2)---%(A^2)---L^(Ai,„-2) 
X L„(Ai,„ - 1) ■ ■ ■Lj(Aij - !)■ • ■L2(Ai,2 - 1). 
Under the Tr2, this expression becomes 

(10.7) (-iyr2,i(A2,i) ■ • ■r„,i(A„,i)r^,i(A„,i + 1) ■ ■ ■ rj+x.il + 1) 

xri,2(Aj,2) ■ ■ -ri— (Ajj_i)sijsij JJ Sp,p. 

Inserting 
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the last line is rewritten as 

n 

(-l)'"Vj,i(A,,i + l)r— ,i(A,-i,i + 1) ■ ■ ■r2,i(A2,i + 1) H^p.p- 
Hence (|1(J.7|) becomes 



Ai ,=2 



n[Ai,d[Ai,,-2]-A«(Ai,-- - ,A„)-i(sO 

p=2 

= -'^2,i(-^2,i) ■ ■ ■'^n,i(A„,i)rs,i(A„,i + 1) ■ ■ ■r2,i(A2,i + l)s„ 
as desired. □ 
Lemma 10.3. 

■'^;r=T,n*5n(Cl; " " " ; Cn-1, Q. ^Cn-l) = ^^^77:1^71 (Qn-2(Cl; " " " ; Cn-2) " . 

Proof. Consider 

(10.8) ?z__^o„X^i(Ai,---,A„)(s„_2). 
For 2 < j < n — 2, we have inside the trace the combination 



'Ai + A. \ ^ /Ai + A 



-A„-l 



\ 2 -^n J ^n-iy ^ J \°n-l,n-l^n,n) ■ 

From ()5.8p and T-_^_s„_;^^^^Sn,n = ^^n-i.n-^n-i.n^T-^n.n' ^his expression when spe- 
ciahzed to A„ = A„_i — 1 reduces to 

[Al,n-l][Aj,n-l][Al,n-l + l][AjVft-l + {Sn-l,-^Sn,n) ■ 

Hence ()10.8|) becomes 

^^,fi ("-2^1-4(^1, ■ ■ ■ , A„_2)(s„-4) ■ S^_^^—Sn,n) (2 < J < « - 2). 

Let us show that (jlO.Sp vanishes for j = n — l,n. For j = n — 1, this is due to the 
factor 

Al,n-1 . \ r / ^l,n- 



inside the trace Ttxj^„_i- 

In the case j = n, we have inside Tr^^ „ 



n-l\^ 2 ^ ^ / "V 2 / [A„_i,„ + 1] 

(Ari,,n-l) 



[An,n-1 + 1] 

At A„_i = A„ + 1, the first product vanishes and the second product is regular. 
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By a similar calculation we find 

,.^i'HAi,---,A.)-^(s„)| 

An — AjT,— 1 — 1 

The assertion follows from these. □ 

Let us now prove (j4.5|) . 
Lemma fl 0.21 implies that 

n 

«n = n(0/Cl-Cl/0)-Qn(Cl,---,Cn) 

i=2 

has no poles in (j G C^, (j = 1, . . . ,n). It is evident that Qo = Qi = 0. Suppose 
n > 2, and assume by induction that Qn-2 = Qn~i = 0. It follows from p0.3|) and 
Lemma [lU. II that m„ is regular at (^'^ oo for j = 2, ■ ■ ■ ,n. Along with (jlU.lj) . we 
conclude that Un is independent of Ci, ■ ' ' Xn- 

It is convenient to pass from vectors in V"*^^" to matrices via the isomorphism 

n 

Wei ® ■ ■ ■ ® t-.^ (g) (g) ■ ■ ■ O t;^, ^^ n^-^p) ■ ^^1-^1 ® ■ ■ ■ ® E^n-e„, 

p=l 

where E^^i = {SeMSe,b)a b denotes the matrix unit. It induces the mapping End(V^®^") - 
End(End (V"®")). In particular, [E^^^i). in the former corresponds to the left multi- 
plication by {E^ e') ■ the latter, and {E^ ^i)^ in the former to the right multiplication 
by 

Ue^,^)^ if (6,6') = (±,±); 

\-{E^,^)^ if (6,6') = (±,T). 

in the latter. 

Let Un € End(P^^"') denote the constant matrix corresponding to the constant 
vector Un- The properties p0.2|) . ()10.3p . p0.4|) of Qn, Lemma fl 0.31 and the assump- 
tion of the induction imply the following for Un'- 



n 

(10.9) [^a;,f/„] = o, 

(10.10) [P,-,+ir,,,+i(A,,,+i),f/„] =0 (2<j<n-l), 

(10.11) <f/„ + f/x = o, 

(10.12) UnK-l,n = ^- 



Letting ^j*^^ — > oo in ()10.10|) . we obtain in particular that 
(10.13) [P,-,+i,f/„] = (2<j<n-l). 



Un 
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Note that the hnear space End(l^'^") has a basis 

{n ® ■ ■ ■ Tn \ Tj = cr+, a", Cx"' Or 1} 

Because of (|l(J.lip and (jl(J.13|) . we can write 

with some Ce2_...^e„ ^ End(V"). In view of p0.13p . they are symmetric with respect 
to ea, • • ■ , en- Since {a^ ® ct=^)T" = and (o-+ ® a' + a' ® 0-+)?" ^ 0, (jl().12l) and 
(jlO.lHp imply that Un has the form 

a+ ® ■ ■ ■ ® + A^® ® ■ ■ ■ ® a' > 3) 

a^a^ (g) (7+ + a_a^ ® [n = 2) 

with some A± G End(V"), a± G C. In either case, the zero weight property ()10.9|) 
enforces that [/„ = 0. 

Hence we have proved Q„ = 0. 

11. Proof of recurrence relation 
Finally let us prove ()4.6p . 

The case of i = 1 follows from T^jSi gSi 2 = |si jSa^g and ()5.8|) . Let us consider 
the case with i >2. 

From the exchange relation ()4.H) it suffices to prove the case of = (2, 3). Set 
From (113) for „xi^^J and usmg 

„_in, o A'^^Xi, A2, . . . , A„) = Ai'li(A2, . . . , A„) o „_in,. 

we obtain 

Z"{Xi, A2 — 1, A3, ■ ■ ■ , A„) = — yl^2;^(A2, ■ ■ ■ , A„) ■ Z"{Xi, A2, A3, ■ ■ ■ , A„). 

The initial conditions ^^\^ and (jHS)) imply that Z"(Ai,A3 - 2, A3, ■ ■ ■ , An) = 0. 
This proves Z"{Xi, ■ ■ ■ , A„) = 0. 

12. Another representation of /i„ 

There is an alternative way to write the formula for hn, which should be useful 
for further applications. The main result of our study is given by (13.9^ : 

where Ki is the standard set {1, ■ ■ ■ ,n}, Kp^i = Kp\{ip, jp}, and is related 

with by f!3.8p . m = tl(-f^) being the cardinality of K. The main object of our 

formula 

nn^:±X„ ■ ■ ■ , An) G Hom (y^^in~2)^y^2n^ 
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is given by (Q, and (ITTI) . 

Recall „_in„ E Hom(F®2n^ y®2{n-i)) gj^^^ (j^^j). We use the notation „_2n„ = 
„_2n„_i o n-i^n, etc.. Let us introduce an operator 

(12.1) n';i''\\u ■ ■ ■ , A„) = -iM'^^'lliX,, ■■■ ,Xn)o „_2n„ o M(:'^)(Ai, ■ ■ ■ , A„)-^ 

where M.n'''^ is defined in ()3.4|) . 
Similarly to (j3.7|) we set 

^i^'^'^Ai, ■ ■ ■ , A„) = CuiX, - A,)W^(*'^')(Ci, ■ ■ ■ , Cn) + ^(A. - X,)W,^:''\Cu ■ ■ ■ , Cn), 
where 

(12.2) Wi''^\Cu ■ ■ ■ , Cn) = -4G(:'^'nCi, ■ ■ ■ , Cn) o „_2n„ o R';i'^\X,, A^-' 

w^i^'^'Hci, ■ ■ ■ , Cn) = -^G^:''\ci, ■ ■ ■ , Cn) o ._2n„ o R^:'^\x^, ■ ■ ■ , A.)-' 

Notice that 

fi(:'^)(Ai,-- - ,A0 GEnd (\/«2n^. 

In what follows we shall often omit the arguments Ai, ■ ■ ■ , A„ in Qn'''\ since they 
are always the same. 

Lemma 12.1. For i < j and k < I we have 
fii^'^■)(Al,...,A„)o„^]i'^')(Al,...,A„) 

'o ^ ^ {i,j}n{k,i}^iD- 

—4:n^n-l{Xl, . . . , A„) O n-2^n-4 \Xi, . . . , Aj, . . . , Aj, . . . , A„) 

x„_4n„_2oM;;y'^(Ai,...,A;,...,A/,...,An)~^ if {«,j}n{fc,/} = 0. 

Here k' and I' are the positions of Xk and A/ in (Ai, . . . , A,, . . . , Aj, . . . , A„) and i' and 
j' are the positions of Xi and Xj in (Ai, . . . , A^, . . . , A;, . . . , A^). 

Proof. Using the exchange relation (j4.ip one finds 

m^:'^\x,...,x^)-\ni':!l{x,r-- An) 

= n^^i_2 \K, Xj, Xi, . . . , Xi, . . . , Xj, ■ ■ ■ , A„)M^^2''(Ai, ■ ■ ■ , Xk, . . ■ , Xl, . . . , Xn) ^, 

where k" and /" are the positions of Xk and A; in (Aj, Xj, Xi, . . . , Xi, . . . , Xj, . . . , A„). 
Using (j4.6j) . we have 

n-2^n ° n^i-2 Aj, Ai, . . . , Aj, . . . , Aj, ■ ■ ■ , A„) 

'O ^^^^ ^ ^ if Kj}n{fc,/}^0; 

_„_2^i'l4HAi,---,Ai,...,Aj,...,A„)o„_4n„_2 if {i,j}n{k,l} = 0. 

Combining these two equalities, we obtain the assertion. □ 
The exchange relation for ^In'''^ takes the following form. 
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Lemma 12.2. The operators Qn'''^ satisfy the exchange relations: 

(12.3) Rk,k+i{^k,k+i)Rk:^j:{^k+i,k)^n'^\- • ■ , Afe, Afc+i, ■ ■ ■ ) = 

= ■ ■ , Afc+i, Afc, ■ ■ ■ )-RA..,fc+i(AA;,fc+i)^^_-^(Afc+i,fc), 

where tt/j denotes the transposition {k, A; + 1). 

Proof. The statement follows immediately from ()4.H) and the relation 

n-in„ O Ri 2{\l^l') R2;i{^l' ,l) = n-lHn- 

□ 

An important property of Qn'''^ is their commutativity: 

Lemma 12.3. The operators Qn'''^ are commutative, 

(12.4) h^^'^^h^J^'^^ = hll'^^hi^'^^ for all i<j,k<l. 

Proof. In view of the exchange relation ()12.3p . the proof is reduced to the case 
(ij) = (1,2), (kj) = (3,4). Using Lemma ITO and noting that R'n'^^ = 1, we 
obtain 

ni^'2)^{3,4) ^ Mt'k^l, ■ ■ ■ , A„) O „„2l^i^'i(A3, A4, ■ ■ ■ , Xn) O „-4n„ 

xM(f'^)(Ai,---,A„)-\ 

= 16 „fi2l'?(Ai, ■ ■ ■ , A„) O n-2 ^t'li^l, A2, A5, ■ ■ ■ , A„) O „_4n„. 

Since 

n-4n„ O M^^'^^(Ai, ■ ■ ■ , An) ^ = n-A^n, 

the Lemma reduces to the commutativity ()4.4p . □ 

Using Lemma ri2. II and the equality ()10.5|) . we see that 
(12.5) 

0(«i Ji)o(«2,i2) . . . n(«m,im)„ _ 

iijii ■ ■ ■ 1 'i'mijm} iire distinct; 
otherwise. 

In comparison to the original formula, this provides a certain progress since in the 
left hand side the number of A's does not change along the product. 
Consider the operator 



From the formulae (jl2.5|) we find the following nice representation for 

Theorem 12.4. The formula for hn{Xi, ■ ■ ■ , A„) can be rewritten using the operator 

(12.6) /i„(Ai,-- - ,A„) =2-"e^"(^i'-'^") s,. 
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Proof. Expand the exponential into a power series in Due to commutativity 
(|12.4p and the first relation in Lemma 112.11 we have the nilpotent property 

— {Q^r = for m> - 
ml i2 

since for such m there are necessarily coincident indices (i, j) of ^n'''^ . Hence the 
series terminates. The terms 



for m < 

m! 



n 
2J 



contain non-vanishing expressions, which due to the second relation in (|12.5|) can 
be written as 

with {ip,jp} n {iq,jq} = for all p, q. For every ordered set ii < ■ ■ ■ < there are 
ml terms, all of which are equal due to commutativity (jl2.4p . □ 

This is a proper place to discuss the problem of taking the homogeneous limit 
Xj — >■ (Vj). At present we do not know how to take this limit, but we hope that 
the formula (jl2.6p will help to solve this problem. At least it makes clear that the 
singularities at = Xj which persist in our formulae are actually spurious. 

Lemma 12.5. The operator fi„(Ai, ■ ■ ■ A„) is regular at Xk = Xj. 

Proof. Because of the exchange relation ()12.3j) . it suffices to consider the pole at 
Ai = A2. Let us examine each summand which enter the definition of f2„(Ai, ■ ■ ■ A^). 

Terms fin''^^ with 3 < i < j do not have a pole. The term fin is also regular 
by Lemma 15.41 The remaining terms are n^'^ and n^n''^ with 3 < i. Noting the 
relation 

^l,2(Al,2)%(A2,l)fi^^HAi,A2,---) 

= fi(2'^)(A2,Ai,---)i?l,2(Al,2)%(A2,l) 

and that -R(O) = 1, we see that the residues of fin and fin pairwise cancel. □ 

The problem of writing down a simple formula for fin in the homogeneous limit 
remains open. Simple idea of presenting fin'"'"' as a specialization of some commuting 
family of transfer matrices with arbitrary dimension and spectral parameter cannot 
be true for the following reason. The operators fii*'"''* are commutative, but they are 
nilpotent. So, they are not diagonalizable while transfer matrices are. We leave the 
study of these remarkable operators for the future. 

13. Correlation functions of the XXZ model 

In this section we discuss the connection between the solutions constructed in 
Theorem 13.11 and correlation functions of the XXZ spin chain with the Hamiltonian 

(13.1) Hxxz = IY1 i^l^U + + ^ ^l^l+i) • 
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Here A = costtz/. We consider the two regimes, 

V G iffi>o (massive regime), 
< z/ < 1 (massless regime). 

We consider also an inhomogeneous model in which a spectral parameter Aj is as- 
sociated with each site j. Let [E^^j be the matrix unit acting on the j-th site of 
the lattice. Denoting by |vac) the normalized ground state of ()13.1|) . let 

n 

hl^\\^, ■ ■ ■ , AO^^'-'^-^--'^^ = (vac|(E_,„,Ji ■ ■ ■ (E_,„,,J.|vac) 

be the correlation function in the thermodynamic limit. It is known that the 
V^^^-valued function 

h^°^^{Xi, ■ ■ ■ , A„) 

is a solution of the reduced qKZ equation ^ fl2.3|) . ()2.4p as well as ()2.5|) . 

From the known integral representation [11^ |Hl E], it can be shown that /i^"'"'' 
is meromorphic, the only possible poles being simple poles at Xi — \j = I + V / u, 
(/, /' G Z, i 7^ j). Moreover it is holomorphic at Aj = Aj. 

Let us compare the correlation functions with the solution ()3.9|1 constructed in 
Theorem 13.11 For this purpose we make a specific choice of the solutions u}{X), uj{X) 
of ()2.12|) with similar analyticity properties. Set 

(13.2) ^(A) :=c-^logp(A) + i- 



dX ' 4[A + 1][A-1]^ 

(13.3) cD(A) :=c-^logp(A)-^- '^^^ 



dX ' 4[A + 1][A-1] 

where c = {simr u)/ it u. The functions p(A), p(A) are specified in each regime as 
follows: 

I '^772V~r27^2^ (massive regime), 
(13.4) p(X):=\ s^^(lfsSh) , , . , 

(massless regime). 



(13.5) p(A) 



^2(A)52(1 - A) 

{q'enq'e} {gK-'wo 

S;{1 - A)g3(3 - A) ^3(1 + A)g3(3 + A) 
^3(2 - A)2 ^3(2 + A)2 



(massive regime), 
(massless regime). 



^In the massive regime, the ground states are two-fold degenerate. Matrix elements taken 
between the different ground states satisfy a similar equation with opposite sign. We do not 
discuss them here. 
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We have set C = e^'"^, 

{z)^ = {z; q^)^, {z} := {z; q^, q^)oo, 

52(A) :=52(A|2,i), 53(A) :=53(A|2,2,i), 

where {z]pi, ■ ■ ■ ,pr)oo ■= Ilji,... ,j,>o(l " Pi ' ' ■Pi"^)^ and ^^(Alu;!, ■ ■ ■ ,ujr) denotes 
the multiple sine function. 

Lemma 13.1. The functions uj{X),uj{X) given by (jl3.2j) - (jl3.5p are the unique so- 
lutions of the difference equation (I2.12p which are holomorphic and bounded in the 
strip — l + 5<ReA<l — 5 for any < 6 < 1. 

Proof. Direct verification shows that the functions (jl3.2j) - (jl3.5j) possess the required 
properties. To see the uniqueness, suppose oji{X),Ui{\) are two solutions with the 
same properties, and set = cDi(A) — tI'2(A), uj'{\) = co'i(A) — c<j2(A). Then 

a;'(A — l)+a;'(A) = and tI;'(A — l)+a}'(A)+co''(A) = 0. Therefore ti;'( A) is holomorphic 
everywhere. Together with the boundedness we conclude that ci;'(A) = 0. Now the 
same argument applies to show that = 0. □ 

Denote by h^'^'^"'^^ the solution constructed in Theorem l3.1l with the above choice of 
(I;(A), C(j(A). The following lemma shows that the two families of solutions {^^"^"*^}^q, 
{hn°''^}°^^Q share the same inductive pole structure at Aj — Aj G Z\{0}. 

Lemma 13.2. Let {/?-n}^o ^ solution of the system ()2.3|) - ()2.5|) . Assume further 
that hn IS holomorphic at Aj = Aj for all i ^ j. Then it is also holomorphic at 
Xi = Xj ± 1. We have 

(13.6) 2^n(A2 — 1, A2, ■ ■ ■ , A„) = -Si,2Si,2^n-2(A3, ■ ■ ■ , Xn) 3^... ^n,n,--- ,3, 

(13.7) c~^resA,=Aj+/^n(Ai, ■ ■ ■ , A„) 

= (~1)' "^n-^i-2(Al; ■ ■ ■ ; A„) ( /in-2(Al, • " ■ , Aj, ■ ■ ■ , Aj, ■ ■ ■ , A^,) 

where i < j , I E Z\{0}. 

Proof. Since ^^'^''(Ai, ■ ■ ■ , A„) is holomorphic at Aj = Aj, the regularity of h^ at 
Aj = Aj ± 1 is a consequence of the reduced qKZ equation. To show ()13.6p . we use 
the formula 

4'^(Ai,--- ,A„) = (-l)Vl,2(-l)^f(A2)Pl,lPl,2 

Ai=A2 ' 

= — 2PijPi^2y2,2^i-i('^2, ■ ■ ■ 5 A„)2,...,n,n,■■■,2• 
Specializing ()2.4|) . we obtain 

^l,2^n(A2 ~ 1, A2, ■ ■ ■ , An) = — 2Pi jPi^2 J ^2,2 

^ ^n-l(A2,-'' ; A„)2,...,„,n,...,2^n(A2, A2, ■ ■ ■ ,An). 
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Applying ()2.5|) and then using the reduced qKZ equation ()2.4|) for hn-i, we rewrite 
the right hand side as 

~-Pl,l-Pl,2J'2,2^n-l('^2) ■ ■ ■ ; •^ra)2,- - ,n,n,--- ,2-51,1 /^n-l (-^2; ' ' ' , ^n)2,- - ,n,n,--- ,2 
= — -Pl,l-Pl,2J'2 g-^lj^fi-ll-^a — 1, ■ ■ ■ , ^71)2,- ,n,n,- ,2 

= ~-Pl,l-Pl,2-SljS2,2^n-2(A3, ■ ■ ■ , A„)3,... ,„^ji,... ,3. 

The assertion folfows from this. 

Let us prove ()13.7|) . We consider the case = (1,2) and / = —k — 1 with 

A; > 0. The other cases foUow from ()2.3p and ()4.1|) . 

Using ()2.4|) and the regularity of /i„ at Ai = A2, we see that the left hand side of 

(PT|l i s reg ular at Ai = A2 - 1. By (Ol) . „xi^_:5(Ai, ■ ■ ■ , A„) is for Ai,2 = -1. 

Hence (IT!r7|) holds for k = . 

For A; = 1, we apply ()5.15p to the right hand side of p3.7p . We use ()2.4|) and 

c-^res,,=,,_iA«(Ai, ■ ■ ■ , A„) = 2{-ir ^^n-,{-2)t^^f {X, - l)Pi,iTi-2 

to the left hand side of (jl3.7|) . Then, using (|13.6|) . we obtain the equahty. 
In the general case k >2, the residue of both sides of (j2.4j) gives 

resAi=A2-A:-i^n(Ai, ■ ■ ■ , A„) = A^^\\2 - A;, A2, ■ ■ ■ , A„) resAi=A2-fc^n(Ai, ■ ■ ■ , A„). 

Using the difference equation ()4.2|1 . we obtain ()13.7|1 by induction. □ 

Let us prove that in the massive case the correlation functions are given by /i^"'^"*^. 

Lemma 13.3. Let q be a complex number with < |g| < 1. Consider a q-diff'erence 
equation 

f{q-\) = 5(0/(0 

where B{() is a matrix and f{() is a vector valued function. Assume that B{() is 
holomorphic at Q = 00, and /(O is holomorphic on R < |0 < 00. Then f{() has 
at most a pole at ( = 00. 

Proof. Set M = sup|^|>^ |5(C)|, Kq = ^^PR<\(i<\q-iR\ 1/(01- For any non-negative 
integer n, we have in the domain \q~"-R\ < \(\ < \q~"-~^R\ 

\f{0\ = \B{qO...B{q\)f{q\)\<M-K,. 

Hence there exist i^', > such that 

1/(01 <i^icr m>R)- 

The assertion follows from this. □ 



Theorem 13.4. In the massive regime, we have 

C^^(Ai,---,A.) = C^"*^(Ai,---,A.). 
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Proof. First we note that, in the massive regime, 

n 
p=l 

is a single-valued function of (J (1 < j < n) (see 0, eq.(9.4)), and that lj{X),uj{\) 

are also single- valued functions of C^. From the definition of n^t-l (jS.lOp . 
f^Ansatz ^^^^ ^^^q same functional form. 

To prove the theorem, we proceed by induction on n. The cases n = and 
1 are obvious. Suppose h^^'' = h^^"-*^ for m < n, and consider the difference 
/(C) = h^"^"^ — h^"'^"-^^ viewed as a function of C = Ci- We have 

(13.8) f{q-'0 = 5(0/(0 

where B{() = An\Xi, ■ ■ ■ , A„). Let us show that f{() = 0. 

By the induction hypothesis. Lemma 113.21 and the remark made above, /(O is 
holomorphic on and satisfies 

(13.9) ?-j/(0 = 0. 

The matrix B{() is rational in ( and has the following behavior at C = oo: 
where 



1 " 



p=2 

By Lemma ()13.3p . /(O has at most a pole at C = cxo. Suppose /(O ^ 0, and let 
f lO = O/o + OiC''-^) (/o ^ 0) be the Laurent expansion. Then (fm?|) . ^HU^ 
stipulate that 

Since S has integer eigenvalues and < |g| < 1, this is a contradiction. □ 

Unfortunately, the above reasoning does not carry over to the massless regime 
because of the presence of 'extra' poles Xij = I + I' /v. For n = 2,3, the equality 
fiCorr _ j^Ansatz ^g^j^ showu by dircct computation of the integrals. We have also 
checked for n = 4 and some components that agrees with the known results 

about homogeneous chains jTSj. On these grounds, we conjecture that /i^"'''' = 
I^Ansatz j^Q^g jj^ ^]^g masslcss regime as well. 

Let us comment on the rational limit. The limit to the XXX model corresponds 
to replacing [fx] by /i everywhere. The functions oj,uj defined by p3.2|) - ()13.5|) tend 
in both massive and massless cases to the same functions u^^^ , u^^^ which satisfy 
the equation ()2.12|) and ^ 

(13.10) cD^^^(A) = -A a;^^^(A). 



^The function u;^^^{X) is related to w(A) in by w(A) = (A^ - 1) t^^-^-^(A). 
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The function nX^n-l becomes in this hmit a rational function nX^n-l ^'^^ {^ii ' ■, ^n)- 
The expressions for r^^^^'HM'^^ simphfy due to (fmT1|) : 

^(i,j)XXX,. , \ _ , ,XXX(^ \ ^(i,j)XXX,. , X 

(13.11) ^^^(Ai, ■ ■ ■ , A„) = uj^^^iK,) ■ W^^) ^^^(Ai, ■ ■ ■ , A„), 
where 

(13.12) Wi^'^)^^^(Ai,-- - ,A„) 

= -^X^'^^ ^^^(Ai, ■ ■ ■ , A„) o „_2n. o M(^'^-) ^^^(Ai, ■ ■ ■ , A.)-^ 

with Rn'"*^ ^-''^^ being given by the same formula (j3.4j) with R replaced by the rational 
i?-matrix. 
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